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Crystals of 2-naphthoic acid are monoelinic with four molecules in a unit cell of dimensions 

a--30.59, b=5.00, c=5.63/~, fl=92-6 °, 

space group P21/n. The structure, which has been determined from projections along the b and 
c axes, consists of centrosymmetricM dimers; details of the molecular geometry and dimensions, and 
of the intermoleeular separations, have been obtained. 

Introduction 

The crystal structure of 2-naphthoic acid has been 
examined as part of a series of investigations of the 
structures of derivatives of naphthalene (Trotter, 
1960a). 

Experimental  

Crystals of 2-naphthoic acid, which were obtained by 
crystallization from aqueous ethanol, are colourless 
prisms elongated along the b-axis. The density was 
determined by flotation in aqueous potassium iodide 
solution. The unit-cell dimensions and space group 
were determined from rotation and oscillation photo- 
graphs of a crystal rotating about the b-axis, hO1 and 
hll Weissenberg films, and h/c0 and 0kl precession films. 

film technique to correlate strong and weak reflexions. 
The h/c0 reflexions were recorded on precession films 
with Mo Ka, using multiple exposures for intensity 
correlation. All the intensities were estimated visually, 
the range being about 8000 to 1. The same crystal 
was used for both zones; the cross-section normal to 
the b-axis was 0.17 ×0.17 mm., and no absorption 
corrections were applied. The structure amplitudes 
were derived by the usual formulae for a mosaic 
crystal, the absolute scale being established later by 
correlation with the calculated structure factors. 133 
independent hO1 reflexions and 64 h/c0 were observed, 
representing 58% and 433/0 respectively of the possible 
number observable with the radiations and experi- 
mental conditions used. 

Crystal data 
2-Naphthoic acid, C11HsO9; M = 172.2; m.p. = 185 °C. 

Monoclinic, 

a =30-59 _+ 0-10, b=5.00 +_ 0.02, c--5.63 + 0.02/~,  
fl = 92.6 ° _ 0.2 °. 

Volume of the unit cell= 858.8 J~s. 
Density, calculated (with Z=4)=1.332, measured= 

1.320 g.cm.-8. 
Absorption coefficients for X-rays, 2--1.542 A, 

,u=8.77 cm.-1; 2--0.7107 ~, #--1.09 cm.-L 

Total number of electrons per unit cell = F(000)= 360. 
Absent spectra: hO1 when (h+l) is odd, 0It0 when k 

is odd. 
Space group is uniquely determined as P21/n-C~h. 

The intensities of the hO1 reflexions were recorded 
on moving-film exposures* for a crystal rotating 
about the b-axis, using Cu Ka radiation, and multiple- 

* The 200 reflexion was cut off by the beam stop, and its 
intensity was measured on Cu Ks precession films of the 
hk0 zone. 

Structure analysis 
[010] projection 

In deriving an approximate trial structure it was 
assumed initially that  the molecule was completely 
planar with C-C bond lengths 1.40 _~, C-O bond 
lengths 1-25 ~ and all valency angles 120°; in ad- 
dition it was assumed that  the structure consisted of 
hydrogen-bonded dimers with O - H - - .  O distance 
2.70 A. The optical transform of this trial structure 
was fitted to the hO1 weighted reciprocal lattice, and 
signs obtained for many of the stronger reflexions. 
A Fourier series was then summed using as coefficients 
observed structure amplitudes with the signs deduced 
from the optical transform. On the resulting electron- 
density map the individual atoms were not particu- 
larly well resolved, but the general shape of the mole- 
cule was well-defined. Coordinates for all the atoms 
were obtained by fitting a regular planar structure on 
the peaks on the map, and structure factors were 
calculated for all the h01 reflexions, using McWeeny's 
(1951) scattering factors for carbon and oxygen, cor- 
rected for thermal vibration as usual, with B=4-0 ~2 
for all the atoms. The value of R, the usual discrepancy 
factor, was 39.9% over the observed reflexions. 
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Fig. 1. Second electron-density projection along the b-axis 
(R----37.4%), with contours at intervals of 1 e.A -~, starting 
a t  2 e.A-% 

A second Fourier  series was summed,  including 
most of the observed ref lexions-- the  only strong plane 
omit ted being 503, whose sign was still doubtful.  The 
resulting electron-density map  (Fig. 1) showed good 
resolution of all  the  atoms except the carboxyl  carbon 
atom, which was poorly defined. New centres were 
chosen, and  structure factors were recalculated. The 
R value was 37.4%. This was a discouragingly poor 
improvement  in agreement,  and in addi t ion some of 
the agreements  were so poor - -par t icu la r ly  for 101, 
502, 503, 103, 10,0,2, 14,0,2, 18,0,2-- that  it did not 
seem l ikely tha t  this  structure would refine. 

For those reflexions for which the structure-factor 
agreement  was par t icular ly  poor, the var ia t ion of the 
Fc values with change in position of the molecular 
centre was computed, keeping the same molecular 
orientat ion as before but  neglecting any  possible 
dimerization. All the reflexions suggested a new 
position for the molecular centre, only about  0"3 A 
from the original position, and  so all  the  atomic co- 
ordinates were changed by/1 x/a = 0.0029, LJz/c = 0.0522. 
Structure factors were calculated with these new 
coordinates, and R was 35.8%, again not much of an 
improvement .  A th i rd  electron-density projection was 
computed, and  all the atoms were well-resolved, the 
map  general ly being a l i t t le bet ter  than  the previous 
synthesis.  New centres were chosen (the shifts were 
such tha t  the structure now again appeared to consist 
of dimers) ~nd ~tructure f~ctors were recalculated. 
R was 26.5%, so tha t  this  s tructure appeared to be 
refining satisfactorily. On reconsideration it  might  
have been possible to proceed from the first electron- 
densi ty  map  to the correct s tructure if the atoms had 
been placed on the peaks without  a t t empt ing  to keep 
the molecule regular. 

Ref inement  of the posit ional and  tempera ture  para- 
meters continued by  computing successive (Fo-Fc)  
syntheses, the scattering curves of Berghuis et al. 
(1955) now being used, and  after two cycles the R 
value had  dropped to 15.9% over the observed re- 

flexions (at each stage 2'c values were computed for 
m a n y  of the unobserved reflexions, and no anomalies 
were found). In  the f inal  difference map  there were 
indicat ions of hydrogen atoms and  anisotropic vibra- 
tions of the carbon and  oxygen atoms, bu t  no allow- 
ance was made for these effects in the structure-factor 
calculations. The f inal  values for the isotropie tem- 
perature factors were Bcarbon=5"l, Boxygen= 6"0 j~2. 
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l?ig. 2. Projection of the structure onto (010); and final eIec- 
tron-density projection along the b-axis, with contours a t  
intervals of 1 e./~ -2, one-electron line dotted. 

Observed and calculated structure factors are l isted 
in Table  4, and the f inal  Fo synthesis is shown in 
Fig. 2. 

[001] projection 

Relat ive  y-coordinates for the carbon and oxygen 
atoms were deduced from a consideration of the bond 
lengths projected on (010), and the y-coordinate of 
the molecular centre was then  obtained by  assuming 
tha t  the structure consisted of centrosymmetr ica l  
dimers. Structure factors were calculated for the hk0 
reflexions using the final tempera ture  factors of the  
hO1 zone; the R value was 13-8% over the observed 
reflexions. An (Fo-Fc)  synthesis was computed, and 
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Fig. 3. Projection of the structure along [001]; and electron- 
density projection along the c-axis, with contours at inter. 
vals of 1 e.A -~, starting at 2 e.A -2. 
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the y-coordinates were changed to minimize the  slopes 
a t  the  a tomic centres. The shifts were so small, how- 
ever, t h a t  s t ructure  factors were not  recalculated;  the  
measured and  calculated values a t  the  penul t imate  
stage are included in Table 4, and  the  final  electron- 
dens i ty  project ion along the  c-axis is shown in Fig. 3. 

The bond lengths and  valency angles in the mole- 
cule, calculated from the  coordinates of Table 1, are 
shown in Fig. 4. Fig. 4 also shows the hydrogen-bond 
distance in the  dimer (2.54 /~). The distance between 
the  oxygen atoms and the a and fl' carbon atoms 
(C1 and Ca) are 2-94 /~. 

Coordinates and molecular dimensions 

The final  coordinates of the  carbon and oxygen 
atoms, expressed as fract ions of the  unit-cell  edges, 
are listed in Table 1, the  number ing  of the  a toms 
being shown in Figs. 2 and  3. The coordinates of all 
the  a toms in the  molecule can be f i t ted  to an equat ion  
of the  form 

lX '  + m Y + n Z '  + p = O  , 

where X' ,  Y,  Z'  are coordinates expressed in .~ng- 
strSm units  and  referred to or thogonal  axes a', b and c. 
The equat ion,  de termined by  the  method  of Scho- 
maker,  Waser, Marsh & Bergman (1959), is 

0.4980X' + 0.6650 Y -  0.5565Z' - 0.0002 = 0 .  

The deviat ions of the  a toms from this plane, which 
are listed in Table 2, are not  significant,  so t h a t  the  
molecule m a y  be t aken  as completely p lanar  within 
the l imits of exper imenta l  error. 

I t  might  be no ted  t h a t  the  equat ion calculated by 
the  usual  incorrect  least-squares method  is 

0.5639X' - 0.5074 Y -  0.6517Z' - 5.1366 -- 0 .  

The deviat ions of the  a toms from this plane va ry  
from about  1-5 A, and  the  plane is ro ta ted  about  72 ° 
from its correct position. These errors indicate  the  
value of the  method  of Schomaker  et al. (1959). 

Table l. Coordinates of the atoms 

Atom x/a y/b z/c 
C 1 0 . 1 1 5 7  --0.5204 0.0266 
C 2 0 . 0 7 7 1  --0.4804 --0.1261 
C a 0 . 0 7 1 4  --0.6468 --0.3321 
C 4 0 - 1 0 2 3  --0.8488 --0"3819 
C 5 0.1717 -- 1"0872 --0"2796 
C 6 0-2065 -- 1-1272 --0"1261 
C~ 0 " 2 1 3 9  --0.9612 0"0764 
C s 0 . 1 8 4 5  --0.7564 0"1364 
C 9 0 " 1 4 6 1  --0"7196 --0.0266 
Clo 0 . 1 4 0 0  --0-8856 --0.2242 
Gll 0 . 0 4 5 3  --0.2832 --0"0654 

O 1 0 - 0 0 8 4  --0.2424 --0.1961 
O 3 0"0486 - - 0 . 1 1 6 4  0 . 1 2 6 5  

21 120J122 1211 

122h18 122/120 122} 

%'~ 112!127 . . . .  - z  
11~.37 /! 

~ / .  / / 

Fig. 4. Bond-lengths, valency angles and hydrogen-bond 
distances. 

Standard deviations 
The s tandard  deviat ions of the  a tomic coordinates, 

calculated from Cruickshank's  (1949) formulae,  are 
or(x) = (x(y) = a(z) = 0.010/~, so t h a t  the s t andard  devia- 
t ions of the  bond lengths are about  0.014 J~. 

D i s c u s s i o n  

The molecule is p lanar  wi th in  the l imits  of experi- 
menta l  error, the  root-mean-square  devia t ion from the 
mean molecular  plane being 0.029 A. This might  be 
contrasted with 1-naphthoic acid (Trotter,  1960b), 
where overcrowding in a p lanar  model causes an  11 ° 
twist ing of the  carboxyl  group out  of the  naph tha lene  
plane. The dis tor t ion of the  carboxyl group in 1- 
naphthoic  acid (reduction of O-C-O valency angle to 
110 °) is, however, also observed in 2-naphthoic  acid, 
where the  corresponding valency angle is 112 °. 

Table 3. Bond lengths in naThthalene and 
2-naphthoic acid 

Bond Naphthalene 2-Naphthoic acid 
1- 2 1.36 A 1-41 /~ 
1- 9 1-43 1.44 
2- 3 1.42 1.42 
9-10 1-41 1.39 

C-G - -  1 .44 
C - O  1 - -  1.33 
C-O~ - -  1.37 

Table 2. Deviations from mean plane 

Atom Deviations Atom Deviations 
O 1 +0.04 /~ C s +0.01 A 
C 2 -b 0"03 C 9 + 0"03 
C a + 0"03 C10 0 
C 4 +0.01 Cll --0.01 
C 5 +0.01 
C 6 -- 0.05 O t - 0.06 
C 7 --0.02 O~ --0.01 

The mean  bond lengths in the  molecule are com- 
pared in Table 3 wi th  the  distances in naph tha lene  
(Abrahams, Rober tson  & White ,  1949; Cruickshank,  
1957), and  there  are no significant differences between 
corresponding aromat ic  bond lengths in the  two mole- 
cules (except perhaps for the  bond 1-2). The 
C(aromatic)-C(carboxyl)  dis tance (1.44 _~) is a l i t t le  
shorter  t h a n  the  normal  spLsp  2 single bond distance.  
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The C-O distances are a l i t t le longer than  the usual  
distances in carboxylic acids, bu t  this  m a y  be due to 

2b ~. ~ .~,," I /', ~ ~. I 2 - . . . /  -T  
.~, %, ool / ~. . C~ .~¢. ~,.~..- / I 

o 5A 

Fig. 5. Pro jec t ion  of the  s t ruc ture  onto (010) showing 
the  shorter  intermolecular  contacts .  

small  errors in the y-coordinates of the oxygen atoms. 
The C-O bond lengths suggest t ha t  the  hydroxy l  
hydrogen atom is bonded to O2. 

Intermolecular distances 
The structure consists of centrosymmetr ical  dimers,  

the O - H ' "  0 distance being 2.54 A, close to the 
corresponding distance in 1-naphthoie acid. All other 
intermolecular  separations correspond to normal  v a n  
der Waals  interactions.  The shorter contacts are 
i l lustrated in Fig. 5. 

The author  is indebted  to the :National Research 
Council of Canada for the  award of a Postdoctorate 
Fellowship during the tenure of which the earlier par t  
of this  work was carried out, to Dr W. H. Barnes for 
his interest  in the  problem, and  to Dr F. 1~. Ahmed  
and Mrs M. E. P ippy  for computat ional  assistance in 

hkl 2"0 2"c 
000 - -  + 360.0 
200 31.8 + 33.4 
400 28.2 -- 30.2 
600 15.8 + 14.3 
800 34.7 -- 35.4 

10,0,0 7.3 + 6.3 
12,0,0 13.0 -- 15.9 
14,0,0 11-8 +20 .5  
16,0,0 5.9 + 8.4 
18,0,0 11.0 + 12.4 
20,0,0 11.0 +11 .4  
22,0,0 7.1 +7 .1  
24,0,0 4.7 + 4.8 
28,0,0 14.5 + 13-0 
32,0,0 11.9 --9.1 
36,0,0 3.2 -- 2-3 
37,0,1 2.4 -- 1.0 
33,0,1 4.7 +2.1  
31,0,1 20.0 --21.5 _ _  
27,0,1 7.5 + 9.5 
23_,0,1 6.7 + 10.1 
17,0,1 26.5 --20.9 
15,0,1 18.4 -15.0 
13,0,1 18.9 --23.4 
11,0,1 24.5 --24.7 

701 6.7 - 6 . 8  
501 46.9 + 49.2 
301 68.5 - 70.6 
i01 33"2 + 33"7 
101 109.9 + 122.6 
301 20.4 +21.2  
501 26"0 +25"0 
701 16.1 --17.9 
901 1-7 -- 4.9 

11,0,1 43.0 --44-0 
13,0,1 9"9 --2.1 
15,0,1 49.5 +44 .9  
17,0,1 15.7 + 12.5 
19,0,1 17-5 + 17-1 
21,0,1 10.2 +10.1  
23,0,1 6.2 + 5.8 
25,0,1 4.8 +7 .3  
27,0,1 4.1 + 0.8 
29,0,1 3.7 --2.1 
34,0,2 2.4 + 3.1 
32,0,2 4-3 + 1.0 

Table 4. Measured and calculated structure factors 

hkl 2'0 2"c 
3-0,0,2 6"6 --9"0 
2-4,0,2 3"7 +3"5 
2--0,0,2 14"5 +8"3 
18,0,2 3"3 +3"2 
16,0,2 42"5 -- 39"0 
!!,0,2 17.1 - 18.5 
12,0,2 16.1 --20.7 
10,0,2 14.6 --17.1 

g02 3.9 -- 5.5 
602 17.7 -- 17.7 
402 11.4 --8.8 
202 18.7 +12.9  
002 11.5 -- 7.0 
202 32.6 -- 32.5 
402 15-9 -- 15.1 
602 30.4 -- 30.6 

10,0,2 7.3 + 5.2 
12,0,2 32.6 -- 36.2 
14,0,2 3.3 + 1.8 
16,0,2 11.4 + 15.0 
18,0,2 3.6 + 1.7 
20,0,2 4.8 + 4.5 
22,0,2 5.0 -- 5"1 
24,0,2 5.8 --3.5 
26,0,2 7.9 +11 .6  
28,0,2 4.6 0 
3--3,0,3 3-1 --0.5 
25,0,3 3.4 + 3"3 
1-9,0,3 11.1 +10"9 
i5,0,3 11.6 -- 13.6 

903 7.7 + 7 . 0  
703 16"3 + 15.5 
503 34.9 -- 36.9 
303 21.3 --23.9 
~03 5.1 +6 .6  
103 15.6 --16.3 
303 8.5 --6.8 
503 15.2 --16.9 
703 6.6 -- 8.2 
903 8.1 -- 7.9 

11,0,3 7-8 --6.7 
15,0,3 3.2 --6"1 
17,0,3 5.2 --1"4 
19,0,3 8.1 --7"3 
21,0,3 7.3 --3"7 
23,0,3 12.4 --8.6 

hkl 2"o 2"c 
25,0,3 8.5 --4.7 
27,0,3 3.6 + 3 . 8  
22,0,4 6-8 + 1-7 
~,0 ,4  4.1 +3.4 
18,0,4 3.1 +0 .5  
1--~,0,4 4.0 + 5.8 
i4 ,0,4 3.4 + 3.5 
1-2,0,4 7.3 + 8.7 
i~,0,4 4.8 + 5.5 

804 12.4 + 12.2 
~04 9.3 + 10.2 
404 12.8 -- 13.5 
204 8.1 --7.2 
004 9.6 -- 12.9 
204 2.8 --1.1 
404 3.5 --4.1 
604 20.4 + 18.9 
804 25.1 +26 .0  

10,0,4 14.1 --20.3 
12,0,4 5.0 -- 1.7 
16,0,4 3.5 -- 4.9 
20,0,4 5.3 -- 6.6 
22,0,4 4.2 -- 0.8 
24,0,4 5.5 --3.3 
25,0,5 6.4 --3-1 
23,0,5 7-1 --9.9 
~i,0,5 s.5 + 7-1 
i§,0,5 4.5 + 5.8 

505 5.9 -- 9.5 
705 23.6 +23.1 
905 19.3 +16 .0  

15fOr5 4.2 -- 5.0 
19,0,5 3-1 -- 3.5 
22,0,6 3.5 -- 6.4 
20,0,6 4.3 +2 .2  

806 4.3 --4.7 
806 4.2 +5 .1  

20,0,6 3.0 - 3.4 
§07 1-8 -- 2.9 
707 2.2 -- 2.9 
307 2.3 -- 2.1 
707 1.6 + 1.6 

110 5 + 8  
210 37 -- 35 
310 34 --34 

hkl 
410 
510 
610 
810 

10,1,0 
11,1,0 
12,1,0 
13,1,0 
15,1,0 
16,1,0 
17,1,0 
18,1,0 
19,1,0 
20,1,0 
21,1,0 
23,1,0 
25,1,0 
26,1,0 
27,1,0 
28,1,0 
32,1,0 

O20 
120 
220 
320 
420 
52O 
620 
720 
820 

11,2,0 
13,2,0 
14,2,0 
15,2,0 
16,2,0 
18,2,0 
19,2,0 
20,2,0 
21,2,0 
22,2,0 

130 
230 
43O 
53O 

10,3,0 
13,3,0 

"~0 

29 
60 
62 
25 
18 
15 

8 
9 
5 

10 
9 
6 

12 
9 
6 

12 
5 

21 
13 

8 
4 

16 
8 

21 
4 

19 
18 
36 
29 

9 
8 
5 
4 
7 
6 
4 
5 
9 
5 

18 
14 

6 
14 
11 
15 

5 

2"C 

+31  
+ 5 9  
+ 6 3  
+ 2 3  
+ 1 7  
--18 

+ 8  
--11 

- - 8  
--12 

- - 8  
--5 

+ 1 8  
+ 1 1  

+ 9  
+ 1 1  
--10 
+ 2 1  

--9 
+ 3  
+ 1  

--16 
+11  
--21 

+ 2  
+ 1 9  
+ 1 8  
--33 
+ 2 9  

+ 4  
--11 

--7 
+ 1  
--7 
+ 7  
+ 4  
+ 7  

--14 
+ 3  

--11 
--13 

+ 7  
- -  14 

+ 9  
- - 1 8  

+ 8  
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hkl 2'0 2"c 
26,0,0 < 3.9 -- 0.2 
30,0,0 < 3.9 -- 1.6 
34,0,0 < 3.3 -- 0.6 
38,0,0 <2.2  +0 .3  
a_9,0,1 < 1.5 + 0 . l  
35,0,1 <3.1 --0.8 
29,0,1 < 3.9 -- 0.4 
25,0,1 < 3.9 + 2.3 
21,0,1 <3.5  +3 .3  
19,0,1 < 3.2 + 1.5 

9,0,1 <2.1 --5.1 
31,0,1 <3 .8  --0.9 
33,0,1 <3.3  --0.1 
35,0,1 < 3"0 + 0"4 
37,0,1 <2"3 +0"6 
3-'8,0,2 < 1"6 -- 0"4 
3"--6,0,2 < 2"2 -- 0"7 
28,0,2 < 3"9 + 1"3 
2-6,0,2 < 3"9 +2"1 
22,0,2 < 3.7 + 1"3 

802 <2.5  --6.1 
30,0,2 < 3.7 -- 0-3 

T a b l e  4. (cont.) 

Unobserved  reflexions 

h kl 2"0 2" c 
32,0,2 <3.5  +0 .3  
34,0,2 <3.1 +0 .6  
36,0,2 < 2.2 + 0.6 
3--5,0,3 < 2.2 -- 0.3 
3-1,0,3 < 3.0 + 0.7 
2-9,0,3 < 3.5 + 1.2 
2-7,0,3 < 3.8 + 1.3 
2--3,0,3 < 3.9 -- 0.2 
2_~__,0,3 < 3.8 -- 1.6 
17,0,3 <3.6  --3.3 
1_____,0,3 <3.3  --0.1 
11,0,3 <3.2  +3 .0  
13,0,3 <3 .4  +4 .3  
14,0,4 < 3.9 + 1.0 
18,0,4 < 3.9 -- 1.4 
17,0,5 < 3.9 + 1.3 
1-3,0,5 < 3.9 + 1.7 
11,0,5 <3-9 +1.5  

- -  

905 <3.9  +0.7  
705 < 3.9 -- 0.6 
505 < 3.9 -- 1.7 
305 < 3.9 -- 2.2 

hkl 2"0 2"c 
105 < 3.9 -- 1.9 
305 < 3.9 + 0.4 

11,0,5 <3.9  +0 .8  
13,0,5 <3.8  --0.1 
17,0,5 <3-6 --1-1 
18,0,6 <2-8 +0 .5  
1-6,0,6 < 3-0 + 0-8 
14,0,6 < 3.2 + 0.8 
1--2,0,6 < 3-3 + 0.4 
1--0,0,6 < 3.4 - 0.2 

606 <3.5  - 1 . 1  
406 < 3.5 -- 1-1 
206 <3-6 --0.6 
006 <3.6  +0-1 
206 < 3.5 + 0.7 
406 < 3-5 + 1.1 
606 < 3.4 + 1.0 

10,0,6 < 3.3 0 
12,0,6 <3-1 - 0 . 5  
14,0,6 < 2.9 -- 0.7 
16,0,6 <2.5  --0.7 
18,0,6 < 2.0 - 0.4 

hkl 2"0 2"c 
507 < 2"0 -- 0"4 
307 < 2"1 0 
107 <2"1 +0"3 
107 < 2'0 + 0"5 
507 < 1.8 + 0.4 
710 < 4  3 
910 < 4  1 

14,1,0 < 5 5 
22,1,0 < 5 4 
24,1,0 < 5  7 

920 < 4 8 
10,2,0 < 5 4 
12,2,0 < 5 9 
17,2,0 < 5 0 

330 < 5 6 
630 < 5 8 
730 < 5  1 
830 < 5 6 
930 < 5 9 

11,3,0 < 5 6 
12,3,0 < 5 0 

t h e  e a r l i e r  s t a g e s .  H e  is i n d e b t e d  a l so  t o  t h e  U n i v e r s i t y  
o f  G l a s g o w  fo r  a n  I . C . I .  R e s e a r c h  F e l l o w s h i p  in  t h e  
l a t e r  s t a g e s  of  t h e  a n a l y s i s ,  t o  P r o f .  J .  M. R o b e r t s o n  
fo r  h i s  i n t e r e s t ,  a n d  t o  t h e  S u p e r i n t e n d e n t  of  t h e  
M a t h e m a t i c s  D i v i s i o n  of  t h e  N a t i o n a l  P h y s i c a l  L a b o -  
r a t o r y  fo r  p e r m i s s i o n  t o  u s e  t h e  D E U C E  p r o g r a m s  
d e v e l o p e d  t h e r e  b y  D r  J .  S. R o l l e t t .  
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A Unified Program for Phase Determination,  Type 4P 
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T h e  u n i f i e d  p r o g r a m  for  p h a s e  d e t e r m i n a t i o n ,  v a l i d  for  all t h e  space  g r o u p s  a n d  b o t h  t h e  equa l  
a n d  u n e q u a l  a t o m  cases,  is c o m p l e t e d  he re  for  all t h e  c e n t r o s y m m e t r i e  space  g roups .  T h e  pre-  
s e n t  p a p e r  is c o n c e r n e d  w i t h  t h e  space  g r o u p s  c o m p r i s i n g  t y p e  4P ,  w h i c h  is c h a r a c t e r i z e d  b y  
t h e  n o t e w o r t h y  f ac t  t h a t  t h e  v a l u e  of no  p h a s e  m a y  be  a r b i t r a r i l y  speci f ied ,  once  t h e  f u n c t i o n a l  
f o r m  for  t h e  s t r u c t t t r e  f ac to r  ha s  been  chosen .  A d e t a i l e d  p r o c e d u r e  for  p h a s e  d e t e r m i n a t i o n  is 

desc r ibed .  

1. I n t r o d u c t i o n  

T h i s  is t h e  s e v e n t h  i n  a se r ies  of  p a p e r s  c o n c e r n e d  
w i t h  a p r o g r a m  fo r  p h a s e  d e t e r m i n a t i o n  i n i t i a t e d  b y  
us  ( K a r l e  & H a u p t m a n ,  1959,  h e r e a f t e r  r e f e r r e d  t o  
as  1P ) .  W i t h  t h i s  p a p e r ,  t h e  a p p l i c a t i o n  of  t h e  n e w  
p r o b a b i l i t y  m e t h o d s ,  b a s e d  o n  t h e  Mi l l e r  i n d i c e s  as  

r a n d o m  v a r i a b l e s ,  is  c o m p l e t e d  fo r  t h e  n i n e t y - t w o  
c e n t r o s y m m e t r i c  s p a c e  g r o u p s .  W e  a r e  h e r e  c o n c e r n e d  
w i t h  t h e  f o u r  s p a c e  g r o u p s  c o m p r i s i n g  T y p e  4 P  
( H a u p t m a n  & K a r l e ,  1959) ,  Im3,  Ia3, I m 3 m  a n d  Ia3d 
of t h e  c u b i c  s y s t e m .  A l t h o u g h  t h e s e  s p a c e  g r o u p s  a r e  
c o n v e n t i o n a l l y  b o d y - c e n t e r e d ,  t h e y  a r e  r e f e r r e d ,  i n  


